In this paper, we define a mathematical model for T -independent and identically distributed random fuzzy variables and consider the existence of the process. We also investigate law of large numbers for random fuzzy variables. For special cases, we consider the case for T = min and T =Archimedean t-norm.
Introduction
The theory of fuzzy sets, introduced by Zadeh [17, 18] , has been widely examined and applied to statistics and the possibility theory in recent years. Generally, there are two approaches dealing with the phenomena of combining randomness and fuzziness. One is applying the fuzzy random theory initiated by Kwakernaak [9] . A fuzzy random variable is defined as a measurable function from probability space to the set of fuzzy variables. Since Kwakernaak [9] introduced the concept of fuzzy random variables, there has been growing interest of fuzzy variables. A number of studies [4, 6-7, 10, 11, 13-16] have investigated a law of large numbers (LLNs) in the fuzzy random environment based on the concept of fuzzy variable and fuzzy random variable. Most of these studies have been concerned with the levelwise addition given by Zadeh's extension principle. A more general extension principle makes use of a general triangular norm (t-norm) operator. Such a generalized extension principle provides different operations for fuzzy numbers in accordance with different tnorms. The other is based on the random fuzzy theory presented by Liu [10, 11] . Liu [10, 11] defined a concept of min-independent random fuzzy variable as a function from a possibility space to the set of random variables.
In this paper, we define and construct a mathematical model for general T -independent and identically distributed (T -iid) random fuzzy variables on an infinite T -product possibility space where T is a general continuous t-norm. We investigate a law of large numbers for T -iid random fuzzy variable. As special cases, the case for T = min and T =Archimedean t-norm are treated.
Preliminaries

Fuzzy variables
We begin by reviewing some concepts and results concerning fuzzy variables. Let ξ be a fuzzy variable with a possibility distribution (membership function) µ on a possibility space (Θ, P(Θ), P os), where Θ is a universe, P(Θ) is the power set of Θ and P os is a possibility measure defined on P(Θ). For a fuzzy variable ξ and any subset D of the real numbers R, the quantity
is considered to measure the necessity of ξ belonging to D (see [3] ). The credibility of ξ belonging to D and the expected value E[ξ] ( [10] ) are defined as
provided that at least one of the two integrals is finite. In particular, if ξ is a nonnegative fuzzy variable (i.e., Cr{ξ < 0} = 0), then E[ξ] = Definition 2.1 [11] Let ξ be a fuzzy variable on a possibility space (Θ, P(Θ), P os). Then its membership function µ ξ is determined from the credibility measure by
Definition 2.2 Let ξ be a fuzzy variable a the possibility space (Θ, P(Θ), P os). Then, for α ∈ (0, 1] ξ α = inf{x|µ ξ (x) ≥ α} and ξ α = sup{x|µ ξ (x) ≥ α} and for α = 0
are called the α-pessimistic value and the α-optimistic value of ξ, respectively. Let K(R) denote the class of nonempty compact convex subsets of R The linear structure induced by the scalar product and the Minkowski addition is that λA = {λa|a ∈ A}, A + B = {a + b|a ∈ A, b ∈ B}, for all A, B ∈ K(R), and λ ∈ R. If d H is the Hausdorff metric on K(R), which for A, B ∈ K(R) is given by
is a complete and separable metric space [2] . We note that if
The norm of an element of K(R) is denoted by
T-norm based operations
Recall that a triangular norm (t-norm for short) is a function T : [0, 1] 2 → [0, 1] such that for any x, y, z ∈ [0, 1] the following four axioms are satisfied [8] :
(T1) Commutativity:
The associativity (T2) allows us to extend each t-norm T in a unique way to an n-ary operation in the usual way by induction, defining for each n-tuple
A t-norm T is said to be Archimedean if T (x, x) < x for all x ∈ (0, 1). It is easy to check that the minimum t-norm is not Archimedean. From representation theorem in topological semigroup theory [8] , every continuous t-norm T is uniquely representable as an ordinal sum where in each summand the corresponding t-norm is Archimedean. This means that there is a finite or countable index set I and a family of subintervals {[a i , b i ]} i∈I for which a i = b i , having non-overlapping interiors and covering [0, 1], such that the following holds:
And
(i) There exists a subset I ⊂ I such that for i ∈ I , the restriction of T to
where T i is an Archimedean t-norm.
(ii) Elsewhere, T is the minimum. We note that
We shall write
We note that for each sequence (
and hence the limit lim n→∞ T (x 1 , x 2 , · · · , x n ) always exists. We define
Definition 2.4 The fuzzy variables ξ 1 on the possibility space (Θ 1 , P(Θ 1 ), P os 1 ) and ξ 2 on the possibility space (Θ 2 , P(Θ 2 ), P os 2 ) are said to be identically distributed if and only if P os{ξ 1 ∈ B} = P os{ξ 2 ∈ B} for any sets B of R.
Definition 2.5 [5] Let T be a t-norm. A family of fuzzy variables {ξ
For T -independent fuzzy variables ξ k , 1 ≤ k ≤ m with possibility distributions µ k , 1 ≤ k ≤ m, and a function g : R m → R, the possibility distribution of g(ξ 1 , ξ 2 , · · · , ξ m ) is determined via the possibility distributions µ ξ 1 , µ ξ 2 , · · · , µ ξm as
where T can be any general t-norm. This is the (generalized) extension principle associated with t-norm. For example, the sum ξ 1 + ξ 2 + · · · + ξ n and corresponding arithmetic mean (ξ 1 + ξ 2 + · · · + ξ n )/n are the fuzzy variables as defined by µ ξ 1 +ξ 2 +···+ξn (z) = sup
respectively.
Definition 2.6 [3]
A fuzzy number ξ is a fuzzy variable of the real line with a normal (⇔ there exist x ∈ R such that µ ξ (x) = 1), fuzzy convex and upper semi-continuous membership function and [ξ] α is bounded for each α ∈ (0, 1].
Following Fullér and Keresztfalvi [3] , if T is an arbitrary t-norm and {ξ k } are fuzzy numbers, then the equality
holds.
Random fuzzy process
In this section, we consider the existence of T -independent and identically distributed random fuzzy variables.
Definition of random fuzzy variable
Definition 3.1 (Liu [11] ) A random fuzzy variable is a function from a possibility space (Θ, P(Θ), P os) to a collection of random variables F.
The expected value of random fuzzy variable is defined by Liu [11] as
Definition 3.2 Random fuzzy variables ξ 1 , ξ 2 , · · · , ξ n are said to be T -independent if (a) ξ 1 (θ), ξ 2 (θ), · · · , ξ n (θ) are independent random variables for each θ;
It is noted that for a random fuzzy variables ξ and a Borel set B of R, P {ξ(·) ∈ B} is a fuzzy variable.
Definition 3.3
The random fuzzy variables ξ and η are said to be identically distributed if for any element B of Borel field B of R, P {ξ(·) ∈ B} and P {η(·) ∈ B} are identically distributed fuzzy variables.
A construction of random fuzzy process
Do T -independent and identically distributed random fuzzy variables exist? In this section, we construct a T -independent and identically distributed random fuzzy process on a infinite T -product possibility space.
The following is the fundamental existence theorem of product measure and a sequence of independent random variables [1] .
Theorem 3.4 [1]
Let a sequence of probability measures {µ n } on (R, B) be given. There exist a probability space (Ω, G, P ) and a sequence of independent random variables {X n } defined on it such that for each n, µ n is the probability measures of X n .
Using the idea, we can prove the following existence problem for T -independent and identically distributed random fuzzy variables.
Let (Θ, P(Θ), P os) be a possibility space and F be a family of random variables. Let ξ : Θ → F be a random fuzzy variable. Let Θ = {θ|θ = probability distribution function of ξ(θ), θ ∈ Θ} and define a possibility measureP os onΘ such that for A ⊂ R P os(A) = P os{θ|θ ∈ A}.
Defineξ :Θ → F such thatξ(θ) = ξ(θ). Then for any Borel set B on R and any set A on R, we havē P os{θ|P {ξ(θ) ∈ B} ∈ A} = P os{θ|P {ξ(θ) ∈ B} ∈ A}.
So we proved the following result.
Proposition 3.5
The random fuzzy variables ξ on (Θ, P(Θ), P os) andξ on (Θ, P(Θ),P os) are identically distributed.
Therefore, without loss of generality, we may identify Θ withΘ. From now on, we assume that Θ is a family of probability distribution functions on R. Theorem 3.6 (Existence Theorem) Let (Θ, P(Θ), P os) be a possibility space and F be a family of random variables. Let ξ : Θ → F be a random fuzzy variable such that the probability distribution function of ξ(θ) is θ. There exist a possibility space (Θ, P(Θ),P os) and a sequence of T -independent and identically distributed random fuzzy variables {ξ, ξ n }.
Proof. We denote byΘ = Θ
Θ the space consisting of all infinite sequences of probability distribution functions (θ 1 , θ 2 , · · ·), θ n ∈ Θ and R 
is called the T -product possibility measure of (θ 1 , θ 2 , · · ·).
Let P θ i be the probability measure on R with probability distributionθ i . For each θ = (θ 1 , θ 2 , · · ·) define a probability measure on (R
P θ i , the product probability measure of P θ i , i = 1, 2, · · · (see proof of Theorem 1). Define a process {X n } on (R
By the definition of P θ , the process {X n } is independent with respect to P θ and θ n is the probability distribution of X n by Theorem 1. We now define a random fuzzy variables {ξ n } on (Θ ∞ 1 , P(Θ ∞ 1 ), P os ∞ 1 ) such that ξ n (θ) = X n with respect to P θ and set S 0 = 0, S n = ξ 1 +ξ 2 +· · ·+ξ n , n = 1, 2, · · · . We now show that the random fuzzy variables {ξ n } are T -independent and identically distributed. We need the following lemmas to complete the proof.
Proof. We will show that P os
. From the construction of random fuzzy process, the following property is immediate from Theorem 3.4.
Lemma 3.8 For all θ ∈ Θ ∞ 1 , {ξ n (θ) = X n , n = 1, 2, · · ·} are independent random variables with respect to P θ on (R Proof. Let n ≥ 1, B be any Borel set on R, and A be any set on R. We first note that P θ {X n ∈ B} = P {ξ(θ) ∈ B}.
Then P os ∞ 1 {θ|P {ξ n (θ) ∈ B} ∈ A} = P os ∞ 1 {θ|P θ {X n ∈ B} ∈ A} = P os{θ|P {ξ(θ) ∈ B} ∈ A} which means P {ξ n (·) ∈ B} on (Θ, P(Θ),P os) and P {ξ(·) ∈ B} on (Θ, P(Θ), P os) have the same membership function. Thus, ξ n , n ≥ 1 are identically distributed random fuzzy variables.
Law of large numbers
are the expected values of the random variables ξ i (θ) and S n (θ). However, when θ is varied all over in Θ
The following result is due to Hong [6] and Marková-Stupňanová [13] .
Theorem 4.1 [6, 13] Let {u n } be a sequence of T -independent and identically distributed fuzzy numbers, then for all 0 < α ≤ 1,
Theorem 4.2 Let T be a continuous t-norm and let {ξ n } be a T -independent and identically distributed random fuzzy process on (Θ
, · · · , n are T -independent and identically distributed fuzzy variables by Lemma 3.7 and 3.9. Then, by the assumption that E[ξ 1 (·)] is a fuzzy number, the result follows from Theorem 4.1. Theorem 4.3 Let {ξ n } be a T -independent and identically distributed random fuzzy process on (Θ
Proof. We first note that by Proposition 1,
From Theorem 4 we have that, for α ∈ [0, 1],
Since, for α ∈ [0, 1],
by Dominated Convergence Theorem, we immediately have the result.
The following two results are immediate from the definition of K.
Corollary 4.4 Let {ξ n } be a T -independent and identically distributed random fuzzy process on (Θ Corollary 4.5 Let {ξ n } be a T -independent and identically distributed random fuzzy process on (Θ Remark 1. If Θ is a single point, then the random fuzzy variables {ξ n } degenerate to a sequence of iid random variables and the result in Theorem 4.2 degenerates to which is just the conventional result in stochastic case (see [1] ).
Remark 2.
If {ξ(θ)} are crisp for all θ ∈ Θ, then the random fuzzy variables {ξ n } degenerate to a sequence of fuzzy variables with the same membership function and the result in Theorem 4.2 degenerates to which is just the conventional result in fuzzy case [6, 13] .
